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Nomenclature
A = reference area of entry body
C = constant, see Eq. (10)
CD = drag coefficient
D = drag
g = acceleration of gravity
gw = ratio of wall enthalpy to total enthalpy
K = constant, see Eq. (7)
L = lift
m = vehicle mass
q — heat transfer into the body per unit area
RQ = planetary radius
rc = radius of curvature of flight path
rn = body nose radius
t = time
V = flight velocity
Vs = surface grazing (parabolic)

satellite speed 7.9 km/s
x = distance measured along body surface
y = flight altitude
)8 = inverse scale height of atmosphere
7 = flight-path angle below horizontal
p = freestream density
4> = local body angle with respect to freestream
Subscripts
i = initial value
L, 1 = laminar boundary layer
max = maximum
T,2 = turbulent boundary layer
(*) = flight conditions corresponding to peak heating

Introduction
A TMOSPHERIC entry from near-Earth satellite orbit us-

-T^jng glide vehicles, such as the Space Shuttle, offers many
advantages over the use of low-lift, high-drag capsules. Major
advantages of glide vehicles are low deceleration loads and
large cross range, affording a choice of conventional landing
sites. To achieve the required lift, however, the glide vehicle
needs a large lifting surface. Since the lifting surface is ex-
posed to substantial aerodynamic, heating, an extensive heat
protection system is required. To maximize the vehicle
payload, it is necessary to minimize the weight of the heat-
protection system. In this Note, scaling relations are derived to
show the influence of the primary vehicle parameters of
ballistic coefficient m/CDA and lift-to-drag ratio L/D on the
peak heating rates arid total heating, per unit area, for gliding
entry at parabolic speed. Comparisons with stagnation point
and windward centerline laminar and turbulent heating during
three Space Shuttle flights are also presented.
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Analysis
The equations of motion normal and parallel to the flight

ith drp»!path are

L — mg cos 7 = — m l/2/rc

D — mg siny = — m
dV
dt

where
COS7

ds

(1)

(2)

(3)

Assuming small flight-path angles cos 7—1.0, sin 7*7, and
dy/ds<l/(R0+y), and noting thaty<R0, and therefore g =
const, results in

L-mg=-mV2/R0

dFD-mgy=-m—^-

(4)

(5)

During most of the entry, especially that part when heating is
important

and

D = -ni-
dV

(6)

The flight-path expression for the equilibrium glide-path tra-
jectory comes directly from Eq. (4) and is

1
CnA L/D (7)

where the combination of terms on the right-hand side is con-
sidered constant and Vs is the Earth surface-grazing satellite
speed defined by Vs = (g0^o)/2 • By combining Eqs. (4) and (6)
with the assumption of an exponential atmosphere

the flight-path angle can be shown to be

1 V*
PRO L/D v2

(8)

(9)

For Earth, a vehicle with L/D = 2 flying at K=0.5K5 has a
flight-path angle 7 = 0.25 deg. Therefore, the small flight-path
angle assumption is justified.

Now, it is assumed that the heating rate per unit area can be
written in the form

_dq_
dt

= CpNVM (10)

where TV, M, and C are assumed constant. Equation (10) is a
good approximation for both laminar2 and turbulent3 convec-
tion at a catalytic surface in the absence of boundary-layer
mass addition. (Values of TV, M, and C are listed in the
Appendix.)

The velocity and altitude of maximum heating can be found
by substituting Eq. (7) into Eq. (10), setting the derivative of
Eq. (10) with respect to V equal to zero and solving, to yield

(11)
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The peak heating rate per unit area is

47V m 1 \N / v
tfmax = ( (M-

\Q ^£)̂ 1 JU/LS/ \\M

or, in terms of the vehicle parameters only,

r(13a)

m 1 _ N

™ax \CDA L/D/

The total heat transfer per unit area during the entry is

dq

(13b)

o dt dt (14)

By combining Eqs. (6), (7), and (10) and substituting the result
into Eq. (14),

(15)

where Vf < F5. Assuming C to be independent of velocity to a
first order, then, for a laminar boundary layer (TV =0.5 and
M=3), Eq. (15) becomes

For a point on the body that experiences only laminar
boundary-layer heating, and assuming entry occurs in the
direction of the Earth's rotation (typical for most Shuttle
flights), then Eq. (16) gives approximately

(17a)5 CDA

qL~[(m/CDA)(L/D)]°-5 (17b)

When transition to a turbulent boundary layer occurs, the
total heating integral in Eq. (15) becomes

(18)

where VT is the flight velocity at which the boundary layer has
become turbulent. The velocity at which turbulent flow is fully
established at a given location on the vehicle is a function of
local Reynolds number, among other factors. (For example,
heating was measured on the Space Shuttle at several locations
on the windward center line.4 At a point about 48% of the
vehicle length from the nose, fully turbulent boundary-layer
heating occurred at F=2.64 km/s while, at the 30% point,
transition was completed at about V— 2.28 km/s.) The first in-
tegral in Eq. (18) is for the laminar heating contribution, and
its solution (for M=3>) is given by Eq. (16). The second in-
tegral in Eq. (18) represents the turbulent heating; while it can-
not be evaluated exactly in closed form, an approximate
analytic expression can be found that agrees within about 3%
with numerical solutions, for cases where VT< Fs/2, and is

m

or
CDA M-0.6

~ (m/CDA)Q-*(L/D)°-2

The total heating at a body point that experiences boundary-
layer transition at high speed is

(20)

where the laminar contribution can be determined from Eq.
(16) with V= VT. [If Eq. (16) is used, then Q (see Appendix)
must be multiplied by 5.8 to compensate for M= 3 being used,
as opposed to M=3.2.]

Comparison with Flight Data
Comparisons were made with the stagnation-point max-

imum heating rates determined from temperature measure-
ments during Shuttle flights STS-5 and STS-41G.5 According
to Eq. (11), the maximum stagnation-point heating rate occurs
at K=0.82K5. During the entry of STS-5, peak stagnation-
point heating occurred at F=0.83K5, and for STS-41G it oc-
curred at F=0.85K5. The maximum stagnation point heating
rates using Eq. (13a) were 50.6 W/cm2 for STS-5 and 61.5
W/cm2 for STS-41G. The flight-deduced values, assuming a
fully catalytic surface and equilibrium flow, were 45.0 W/cm2

for STS-5 and 54.5 W/cm2 for STS-41G. The differences be-
tween Eq. (13a) and the data were 12% for STS-5 and 13% for
STS-41G. Shuttle windward centerline heating data at flight
speeds from 3.54 km/s to 2.28 km/s4 were also compared with
calculations using Eq. (10). (At these speeds, catalytic effects
are neglegible.5) Computed laminar heating rates were 3-22%
too low; the average was 18% low. Calculated turbulent
heating rates were 10-27% too high; the average was 19%
high. In view of the simplified nature of the present analysis,
the agreement is considered good.

Conclusions
In summary, the following conclusions are noted:
1) The total heat input per unit area is reduced by decreas-

ing the vehicle's m/CDA and L/D. The reduction in total
heat input with decreasing m/CDA is greater at a point on a
body experiencing turbulent convection [see Eq. (19b)] than
one having a laminar boundary layer [see Eq. (17b)].
However, L/D affects total turbulent heating much less than
total laminar heating.

2) For an area on a vehicle having only laminar flow, such
as the stagnation point, the peak heating rate occurs at
K=0.82F5, Eq. (11), and a density altitude, Eq. (12), which
is directly proportional to K. The corresponding peak
heating rate is proportional to the square root of K [see Eq.
(13)]. Comparisons with maximum stagnation-point heating
rates from two Space Shuttle flights agreed well with
calculated values.

3) For an area on a vehicle having predominantly tur-
bulent flow, the peak heating rate occurs at F=0.75F5 and
also at a density altitude [Eq. (12)] directly proportional to
K. The maximum heating rate is proportional to K®-% [see
Eq. (13)]. Naturally, the Reynolds number, etc., must be
sufficiently high so that the boundary layer has become fully
turbulent when the flight velocity has decreased to 0.75K5.

Appendix
Values for the constants in Eq. (10) are listed below for a

fully catalytic surface. The units of heating rate are W/cm2

if velocity is in m/s and density in kg/m3 .
Stagnation point:

Laminar flat plate:

Af=3.2

(19b)
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Turbulent flat plate:

7V=0.8 F<3962m/s M=3.37

C2 - 3.35(10-8)(cos </>) L78(sin 0) *-6xf 1/5

7V=0.8 F>3962m/s M=3.7

C2-2.20(10-9)(cos(/))2-08(sin(/))1-6^1/5(l-l.llgvv)
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Evaluation of Emission Integrals
for the Radiative Transport Equation

Here, T is the optical depth, ^ the cosine of the polar angle 6,
W the albedo of scattering, /(T,/*) the radiative intensity at
depth T and in the direction given by /*, n the refactive index,
Ib (T) Planck's blackbody intensity function, and $( jLt , jLt ' ) the
scattering phase function. The phase function can be
represented by an TV-term series of Legendre polynomials as

(2)

where the coefficients A( can be determined either analyti-
cally or through the use of experimental data. If scattering
within the medium is isotropic rather than anisotropic, the
phase function takes on a value of unity.

Replacing the integral term in Eq. (1) with an ra-order
Gauss-Legendre quadrature yields the discrete ordinate ap-
proximation of the radiative transport equation, i.e.,

Mi
i — \,...,m (3)

where the /*/ and ^7 are the quadrature points, and the ctj are
the quadrature weights. Equation (3) represents a system of
first-order, linear, inhomogeneous, ordinary differential
equations, and solutions to this set of equations have been
obtained for situations involving various levels of com-
plexity.1"4 The set of general solutions to Eq. (3) is given by4
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Introduction

ONE difficulty associated with discrete ordinates solutions
to the radiative transport equation1 is the accurate and

computationally efficient evaluation of the emission integrals
that appear in the particular solutions.2"4 Experience has
shown that most of the computational effort required in the
determination of the radiative heat fluxes in participating
media is due to time spent evaluating these emission integrals.5

The purpose of this Note is to present and compare two effi-
cient techniques for evaluating the emission integrals for situa-
tions involving arbitrary temperature profiles.

Radiative Transport Equation
The general one-dimensional axisymmetric integrodiffer-

ential equation of radiative transfer in a plane parallel medium
that absorbs, emits, and anisotropically scatters is given by4

y(^-x7-)i
M/X; J

(4)

where TO is the optical thickness of the medium, Cj the m
constants of integration that must satisfy a given set of
boundary conditions, and Xy the m/2 positive eigenvalues for
the system of equations described by Eq. (3). The Y func-
tions are related to the phase function, and Kj are a set of
constants that must satisfy the system of equations given by

dr

(\-W)n2Ib(r)
(D

(6)
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The net radiative heat flux at depth T can be obtained by in-
tegrating the intensity as follows:

( » i
QR (r)=2ir

J - 1
(7)


